We give an answer to the abstract Capelli problem: Let (G, V ) be a multiplicity-free finitedimensional representation of a connected reductive complex Lie Group G and G ′ be its derived subgroup. Assume that the categorical quotient V //G is one-dimensional , i.e., there exists a polynomial f generating the algebra of
Introduction
One of the hightlights of the theory of D-modules is the Riemann-Hilbert correspondence. It establishes a bridge between analytic objects (regular holonomic D-modules) and geometric ones (constructible sheaves). This has been proved independently by M. Kashiwara [19] and Z. Mebkhout [29] . One interprets the Riemann-Hilbert correspondence as a generalization of Deligne's solution of the 21-st problem of Hilbert (see N. M. Katz [17] and also Z. Mebkhout [30] , [31] ). In a sense the Riemann-Hilbert correspondence generalizes the well known one-to-one correspondence between vector bundles with integrable connections and local systems. Actually, this correspondence induces an equivalence of categories between the category of regular holonomic D-modules with a characteristic variety Λ and that of perverse sheaves on V (where V is a complex manifold) with microsupport Λ. In fact, a perverse sheaf is not really a sheaf but rather a complex of sheaves. More precisely, it is an object of the derived category. Also, the notion of a morphism between perverse sheaves is difficult to handle. But, on the other side, it is clear what is meant by a D V -module and a D V -linear morphism. So, if one wants to understand the structure of perverse sheaves on V , it is certainly worthwhile to take advantage of the Riemann-Hilbert correspondence and to study the category of regular holonomic D V -modules. These objects are perhaps more accessible.
Let G be a complex connected reductive algebraic group, and let G ′ = [G, G] be its derived subgroup. Denote by (G, ρ, V ) or (G, V ) a rational finite-dimensional linear representation of G (ρ : G −→ GL(V, C)) and C[V ] the algebra of polynomials on V . The action of G on V extends to C[V ]. We will denote by C [V ] G ⊂ C[V ] the subalgebra of G-invariant polynomials on V . We assume that (G, V ) is a multiplicity-free space, that is, the associated representation of G on C [V ] decomposes without multiplicities. In other words, each irreducible representation of G occurs at most once in C[V ] (see definition 1). For the classification and properties of multiplicity-free spaces, we refer to the work by C. Benson and G. Ratcliff [1] , F. Knops [25] , A. Leahy [26] . We assume furthermore that the multiplicity-free space (G, V ) has a one-dimensional quotient (i.e., the categorical quotient is one-dimensional: dim (V //G) = 1), that is, there exists a polynomial f on V such that the subalgebra C[V ] G (see definition 2). Then, it is known that: G acts on V with an open orbit, and in this case the representation (G, V ) is called a prehomogeneous vector space (see M. Sato [46] , [47] or T. Kimura [24, chap. 2] ). Moreover, it is shown in [24, M. Kashiwara [18] has shown that the roots of this polynomial are rational, i.e., λ j ∈ Q for 1 ≤ j ≤ n − 1.
As usual D V is the sheaf of rings of differential operators on V with holomorphic coefficients.
Let us now point out that the action of G on C[V ] extends to Γ(V, D V )
pol the C-algebra of differential operators on V with polynomial coefficients in C[V ]. This gives rise to a natural algebra: the Weyl algebra Γ (V, D V )
G of polynomial coefficients G-invariant differential operators on V .
If G is a Lie group, let g be the Lie algebra of G and U (g) be the universal enveloping algebra of g. A representation as above (G, V ) is said to be of "Capelli type" if (G, V ) is an irreducible multiplicity-free representation (MF for short) such that: the subalgebra of G-invariant global algebraic sections Γ (V, D V ) G is the image of Z (U (g)), the center of U (g), under the differential
. Note that these representations have been studied by R. Howe and T. Umeda in [14] , [48] : they fall into eight cases (see Appendix). If (G, V ) is of Capelli type; in particular if (G, V ) is MF, then V. G. Kac [16] asserts that G has finitely many orbits (V k ) k∈K . Let us denote by Λ :
which is the union of the closure of conormal bundles to the G-orbits (see [41] The expected shape to the general solution of the family of problems is as follows. Let us first recall that G ′ is the derived subgroup of G. We denote bȳ
pol the C-algebra formed by G ′ -invariant global algebraic sections of D V , i.e. the algebra of polynomial coefficients G ′ -invariant differential operators. This algebra is well understood (see [14] , [27] ), in particular it contains θ the Euler vector field on V . Note that R. Howe and T. Umeda [14] have proved that when (G, V ) is of Capelli type, the algebraĀ is a polynomial algebra on a canonically defined set of generators. These generators are precisely the Capelli operators. T. Levasseur 
⊂Ā denotes the two sided ideal annihilator of G ′ -invariant polynomials on V , we consider A the quotient algebraĀ/J , going modulo a suitable idealJ ofĀ described in section 4:J is the preimage in A of the ideal in A/J defined by specific relations (28) , (29) , (30) , (31) [25] and Levasseur [27] , we will deduce that the quotient algebra A is generated by the following three operators and relations (see Corollary 11) : θ the Euler vector field on V , f the multiplication by the polymonial f (x) of degree n, and the differential operator ∆ := f ∂ ∂x as above satisfying the Bernstein-Sato equations:
Let Mod gr (A) be the category whose objects are finitely generated left A-modules T such that for each s ∈ T , the C-vector space spanned by the set {θ n s / n ≥ 1} is finite dimensional. In other words, this category consists of all graded left A-modules T of finite type for θ the Euler vector field on V . This has been conjectured by Levasseur [27, Conjecture 5. 17, p . 508], after we had already proved it in the following cases (see [33] , [34] , [35] , [36] , [37] , [38] , [39] ):
Actually, we are interesting to obtain a uniform proof which treated all the cases at once, that is, the eight cases where (G, V ) is of Capelli type with a one-dimensional quotient (see Appendix A). The proof of this result is equivalent to the fact that any object in Mod By the way, we should note that the problem of classifying holomorphic regular holonomic Dmodules or equivalently perverse sheaves on a complex manifold (thanks to the Riemann-Hilbert correspondence) has been treated by several authors. The first such result (around 1980) was Deligne's quiver description of perverse sheaves on an affine line with only possible singularity at the origin [6] , which under the Riemann-Hilbert correspondence is the case where G = C × acts on V = C by scalar multiplication. Deligne's description uses a characterization of constructible sheaves given in [7] , [8] . We should also mention the contribution of L. Boutet de Monvel [2] , who gave a description of holomorphic regular holonomic D-modules in one variable by using pairs of finite dimensional C-vector spaces and certain linear maps. A. Galligo, M. Granger and P. Maisonobe [9] obtained using the Riemann-Hilbert correspondence, a classification of regular holonomic D C n -modules with singularities along the hypersurface x 1 · · · x n = 0 by 2 n -tuples of C-vector spaces with a set of linear maps. L. Narváez-Macarro [40] treated the case y 2 = x p using the method of Beilinson and Verdier and generalized this study to the case of reducible plane curves. R. MacPherson and K. Vilonen [28] treated the case with singularities along the curve y n = x m . T. Braden and M. Grinberg [4] studied perverse sheaves on complex n × n-matrices, symmetric matrices and 2n × 2n-skew-symmetric matrices, each stratified by the rank. They gave an explicit description of the category of such perverse sheaves as the category of the representations of a quiver. In [33] , [34] , [38] , the author classified regular holonomic D-modules associated to the same stratification using D-modules theoretical methods etc. This paper is organized as follows:
In Section 2, we recall notions on the so called representations of Capelli type. In section 3, we review some useful results: in particular the one's saying that: any coherent D V -module equipped with a good filtration, invariant under the action of the Euler vector field θ, is generated by finitely many global sections of finite type for θ. ′ . We refer the reader to [3] , [12] , [19] , [20] , [21] , [22] for notions on D-modules theory.
Review on representations of Capelli type with one dimensional quotient
Let G be a connected reductive complex algebraic group. We denote by G ′ its derived subgroup.
One says (see [24, Chap. 2] ) that the representation (G, V ) is a (reductive) prehomogeneous vector space if G has an open dense orbit Ω in V . In that case, we denote the complement of the open dense orbit by S := V \Ω, it is called the singular set of (G, V ). Then, it is known (see [24, p. 26 , theorem 2.9]) that, the one-codimensional irreducible components of S are of the form {f i = 0} , 1 ≤ i ≤ r, for some relative invariants f i . The f i are algebraically independent, and are called the basic or fundamental relative invariants of (G, V ). Note that, any relative invariant can be (up to non zero constant) written as
When the singular set S is an hypersurface, the prehomogeneous vector space (G, V ) is said to be regular (see [24, p. 43 , theorem 2.28]).
Multiplicity-free representations
Let us denote by g the Lie algebra of the connected reductive Lie group G, and by t the Lie algebra of a maximal torus of G. Denote by B the set of dominant weights lattices of (g, t). For a fix finite-dimensional representation (G, V ) of the reductive group G, we recall that the action of G on V extends to the algebra of polynomials on V . Then, the rational G-module
where E(β) is an irreducible g-module with highest weight β ∈ B and m(β) ∈ N ∪ {∞}. We recall that the finite-dimensional linear representation (G, V ) is said to be multiplicity-free (MF for short) if its associated representation of G on C[V ] decomposes without multiplicities. This means that each irreducible representation E(β) of G occurs at most once in C[V ]. More precisely, we recall the following definition [27, definition 4.1., p. 484]:
In this case
where
Note that, a classification of MF representations can be found in [1] , [16] , [26] , and a complete list of irreducible MF representations is given in [14, 
Multiplicity-free spaces with one-dimensional quotient
As above, G ′ is the derived subgroup of the complex Lie group G. We recall the following definition:
Definition 2 (see Levasseur [27] ) A mutiplicity-free-space (G, V ) is said to have a one-dimensional quotient if there exists a non constant polynomial
Representations of "Capelli type"
We continue with (G, V ) the finite dimensional representation of the connected reductive Lie group G . We have denoted by g = Lie (G) the Lie algebra of G. We consider τ the differential of the G-action defined as follows:
where Γ(V, D) pol is the algebra of global algebraic sections of D V , i.e. the algebra of polynomial coefficients differential operators. For any element ξ in g, the image τ (ξ) is a linear derivation on
This image is homogeneous of degree zero in the sense that [θ, τ (ξ)] = 0. Denote by U (g) the universal enveloping algebra of the Lie algebra g. The map τ yields a homomorphism denoted again by τ , and defined by
Recall that the group G acts naturally on
The differential of this action is given by
. Then, we know from [27] that the subalgebra of polynomial coefficients
is contained in the one's of G ′ -invariant differential operators
In particular, if
Now, we give the following definition (see [27, Definition 5.
Definition 3 We say that the representation (G, V ) is of Capelli type if:
• (G, V ) is irreducible and MF;
Remark 4 In the list of irreducible MF representations (G, V ) given by Howe and Umeda (see [14, 3 Coherent D-modules generated by their θ-homogeneous global sections
We shall denote by D V the sheaf of rings of differential operators on V with holomorphic coefficients.
If x denotes a typical element of V , and ∂ := ∂ ∂x its dual in D V , let θ := Trace(x∂) be the Euler vector field on V .
e. the C-vector space spanned by the set {θ n u / n ≥ 1} is finite dimensional. The section u is said to be homogeneous of degree λ ∈ C, if there exists j ∈ N such that (θ − λ) j u = 0.
Let us recall the following result which will be used later (see [35, Theorem 1.3 
.] ):
Theorem 6 Let M be a coherent D V -module, equipped with a good filtration (M k ) k∈Z stable under the action of θ. Then, i) M is generated over D V by finitely many homogeneous global sections, i.e., We thus obtain algebras of invariants:
is a prehomogeneous vector space, let f 0 , · · · , f m be its fundamental relative invariants and let χ j ∈ X (G), 0 ≤ j ≤ m, be their weight. There exist relative invariants f * j (∂) ∈ S(V ) with weight χ
and that S(V ) 
One knows from Howe -Umeda [14] that through this map the (
where the group G acts on Γ (V, D V ) pol as follows:
First, we are interesting in the description of the algebras of G-invariant differential operators on a multiplicity-free space following the work by Benson -Ratcliff [1], Howe -Umeda [14] , Knopp [25] and Levasseur [27] . Actually, the isomorphism m is G-invariant, hence the algebra of G-invariant differential operators decomposes as a direct sum of one-dimensional irreducible G-modules CE γ :
where Γ is the set of dominant weights lattices of the pair (g, t) of the Lie algebras of G and of a maximal torus of G respectively.
be the operator corresponding to E γ . The operators E γ (x, ∂ x ) are called the normalized Capelli operators. Put
We know from [14, Proposition 7.1] that the given of a multiplicity-free representation is equivalent to the given of a commutative algebra of G-invariant differential operators:
In that case the algebra Γ(V, D V ) G is generated by the normalized Capelli operators E j for 0 ≤ j ≤ r (see [14, Theorem 9.1] 
.4]):
Theorem 8 (Howe -Umeda). For a fix multiplicity-free representation (G, V ), the algebra
is a commutative polynomial ring.
From now on, we focus our attention in the subalgebras of G (resp. G ′ )-invariant global algebraic sections of D V on multiplicity-free representations with a one-dimensional quotient.
Invariant differential operators on multiplicity-free spaces with one dimensional quotient
Recall that G ′ denotes the derived subgroup of G. Recall also that a multplicity-free representation (G, V ) is said to be with one-dimensional quotient if there exists a polynomial function
In fact, the polynomial function f is a relative invariant of degree n of weight χ ∈ X (G), and there exists an associated relative invariant differential operator f * := f (∂) ∈ C[V * ] of degree n with weight χ −1 . More precisely, set ∆ := f * (∂). We know from Sato -Bernstein -Kashiwara (see [24, Proposition 2.22] and [18] ) that there exists a polynomial b(s) ∈ R[s] of degree n called the Bernstein -Sato polynomial such that:
Set f := f 0 and ∆ :
Following T. Levasseur [27, Section 4.2], recall that if (G, V ) is a multiplicity-free representation of one-dimensional quotient then we have
Now, consider A :
is the annihilator of the G ′ -invariant polynomial functions on V .
Recall that θ denotes the Euler vector field on
proved that: for any G-invariant differential operator P ∈ Γ (V, D V ) G , there exists an associated Bernstein-Sato polynomial b P (s) ∈ C[s] such that the operator P − b P (θ) belongs to J . In particular, one can find a polynomial b Ej (s) associated with each Capelli operator E j , 0 ≤ j ≤ r, such that if we consider Ω j to be
then we obtain the following results [27, Theorem 4.11, (i), (v)]:
Theorem 9 If (G, V ) is a fix multplicity-free representation with one-dimensional quotient, then
Note that, the operators f and ∆ do not commute nor do not commute with the operators Ω 1 , · · · , Ω r . By the way, using these results, T. Levasseur [27, Theorem 4.15] gives a duality (of Howe type) correspondence between (multplicity-free) representations (with a one-dimensional quotient) of G and lowest weight modules over the Lie algebra generated by f and ∆ (which is infinite dimensional when the degree of f is ≥ 3). Actually, this duality recovers and extends results obtained by H. j=0 Ω j A, and (26)
In the case (GL(n, R), S 2 (R n )) of the real general linear group action on real symmetric matrices, M. Muro proved this formula in [32 Proposition 10 Let (G, V ) be an irreducible multiplicity-free representation with a one-dimensional quotient. The following relations hold in the quotient algebra A/J :
Proof. We should note that by [27, Remark 4.12, (2)], we have the homogeneity of degree n (resp. −n) of the polynomial f (resp. ∆), that is, the formula (28), (29) . Recall that Ω j := E j − b Ej (θ) ∈ J , for j = 0, · · · , r, so we clearly have
Recall also that from [27, 
More generally, we may take E j = f j ∆ j and using (33) we get
that is, the formula (32).
Let K be the ideal of A/J defined by the relations (28), (29), (30), (31) 
We have the following corollary which is a particular case of T. Levasseur 
Corollary 11
The quotient algebra A is generated by f, θ, ∆ satisfying the relations (28), (29), (30), (31):
5 D V -modules on representations of "Capelli type" with one-dimensional quotient generated by their invariant global sections
In this section, we continue with the representation (G, V ) of the connected (reductive) Lie group G as in Section 4, and G ′ its derived subgroup. It is well known, in this case, that G (resp. G ′ ) acts on V with finitely many orbits (V k ) k∈K (see [16] ). Let Λ ⊂ T * V be the Lagrangian subvariety which is the union of the closure of conormal bundles T * V k V , where V k are the orbits of G (see Panyushev [41] ). We recall that the action of G on V defines a morphism (see (2) , (3) 
In particular, if ξ is a vector field (corresponding to an infinitesimal generator of G) which describes the characteristic variety Λ, its principal symbol vanishes on Λ ⊃ char(M) (so vanishes on char(M)). Then the relation (35) implies that
Then we have the following
Remark 12
The objects of the category Mod rh Λ (D V ) are holomorphic regular holonomic D Vmodules equipped with global good filtrations which are preserved by the action of the Lie algebra g of G.
We recall the folloing definition:
Definition 13 Let G be an algebraic group acting on a smooth variety V , and α : 
This section consists in the proof of the main general argument of the paper. We show that any D V -module M in the category Mod rh Λ (D V ) is generated by its invariant global sections under the action of G ′ .
Firstly, we give some basic results which will be used in the proof of this central theorem.
Extension of sections and G-invariance
For the proof of Theorem 15, we shall use an algebraic point of view. Since the concerning D Vmodules are regular holonomic, it is equivalent to consider the algebraic case or the analytic one. We need the following two lemmas in the proof:
Lemma 16 ([46, Lemma 1, p. 247, n
• 55]) Let V be an affine variety, f a regular function on V , and Ω the set of points x ∈ V such that f (x) = 0. Let F be a coherent algebraic sheaf on V , and s ∈ Γ (Ω, F ) a section of F on Ω. Then, for any large enough N ∈ N, there exists a section s ′ of F on the whole
Lemma 17 Consider G ′ the complex algebraic group acting on the affine algebraic variety V , f a
, Ω the complement in V of the hypersurface defined by f = 0, and
Proof. Recall that V is an affine algebraic variety, i.e. V = SpecA, where A := C[V ] is an affine algebra over C and Ω = SpecA[
. Since F is a coherent algebraic sheaf on V , then F is a finitely generated A-module. We consider the restriction of F on Ω:
The previous lemma says that any section s of F on Ω (s ∈ Γ (Ω, F )) extends to a global section
So, from (39) and (40), the section s can be written as
Recall that the group G ′ acts on A and on F . Then, for any g ∈ G ′ acting on s, we have
Since s is a G ′ -invariant section (g.s = s) and f is a G ′ -invariant regular function (f = g.f ), then the previous equality becomes:
Using (41) we get
This means that there exists a large integer N ≫ 0 such that
Since
that is,
Thus mf N is a G ′ -invariant global section extending s mf
Proof of theorem 15
Recall that the irreducible multiplicity free representation (G, V ) has a Zariski open dense orbit Ω, and a relative invariant f (i.e., there exists a character χ ∈ X (G) such
. In this case, we know from V. G. Kac [16] that G has finitely many orbits, namely n + 1 orbits. We denote by V k the closure of the G-orbits V k for 0 ≤ k ≤ n with V 0 = {0}. Let us consider again f as the mapping f : V −→ C, x → f (x), and V n−1 the hypersurface defined by f = 0, then we have Ω := V \V n−1 the complement in V of the V n−1 .
Let M be a holomorphic regular holonomic D V -module in the category Mod 
and
Now, for every section m ∈ Γ (Ω, M Ω ), one can find a sufficiently large integer N ≫ 0 such that the section obtained by multiplication by f N , that is,
extends to a global section of M (see Lemma 16) , i.e., the section mf N lifts to a global section
Then, according to the Lemma 17, we can choose this lifting section mf N to be G ′ -invariant:
Thus, by (50) (and since the mapping f is invertible on Ω), the image of Γ (V, M)
Since Ω is an affine space, we see that the restriction of M ideal in A/J defined by the relations (28), (29) , (30) , (31) of Proposition 10:
We put A the quotient of A by J : A := A/J (see Corollary 11) . Now, since J is an ideal of A it decomposes also under the adjoint action of θ:
Note that J is an homogeneous ideal of the graded algebra A, thus the quotient algebra A = A/J is naturally graded by
As in the introduction, we denote by Mod gr (A) the category whose objects are finitely generated left A-modules T such that for each s ∈ T , the C-vector space spanned by the set {θ n s / n ≥ 1} is finite dimensional. Equivalently the category consisting of graded A-modules T of finite type such that dim C C [θ] u < ∞ for any u in T . In other words, T is a direct sum of finite dimensional C-vector spaces:
equipped with the endomorphisms f , θ, ∆ of degree n, 0, −n, respectively and satisfying the relations (28), (29) , ( 
We are going to show that Ψ (M) is an object in Mod gr (A).
be a finite family of homogeneous invariant global sections generating the D V -module Ψ (M) (see Theorem 15):
We are going to see that the family (σ 1, · · · , σ p ) generates also Ψ (M) as an A-module: indeed, an invariant section σ ∈ Ψ (M) can be written as
Let G c be the compact maximal subgroup of G ′ and denote by q j := Gc g · q j dg the average of q j over G c . Then, the average q j belongs to the algebra A (i.e., q j ∈ A). Now, denote by f j the class of q j modulo J :
Therefore, we also have
This last means that
and Ψ (M) is an A-module. Moreover, according to Theorem 6 ii), we have
is the finite dimensional C-vector space of homogeneous global sections of degree α ∈ C in Ψ (M). Finally, we can check that 
We need the two following lemmas: 
which is the left inverse of the morphism , then we get
h i t i ∈ T . Therefore, the morphism u T is an isomorphism from T to Ψ (Φ (T )) and defines an isomorphism of functors.
Next, we note the following:
Lemma 19
The canonical morphism
is an isomorphism and defines an isomorphism of functors Φ • Ψ −→ Id Mod rh Σ (DV ) . Proof. As in the theorem 15, the D V -module M is generated by a finite family of invariant sections (σ i ) i=1,··· ,p ∈ Ψ (M) so that the morphism w is surjective. Now, consider Q the kernel of the morphism w : Φ (Ψ (M)) −→ M . It is also generated over D V by its invariant sections , that is, by Ψ (Q). 
(G ′ , V ) H = isotropy subgroup at a generic point X 0 ∈ V \f −1 (0)
(1) (SO(n), C n ) SO(1) × SO(n − 1) (2) (SL(n), S 2 C n ) SO(n)
(SL(n) × SL(n), M n (C)) Sp(1) × Sp(n − 1) (5) (Sp(n) × SL(2), C 2n 2 ) SL(n) (6) (SO (7), spin = C 8 ) SO(1) × SO(6) Remark. The generic isotropy 1 subgroups H of (G ′ , V ) are connected.
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